Abstract. We give the complete list of possible torsion subgroups of elliptic curves with complex multiplication over number fields of degree 1-13. Additionally we describe the algorithm used to compute these torsion subgroups and its implementation.
1. Introduction 1.1. The main results. The goal of this paper is to present a complete list of possible torsion subgroups of elliptic curves with complex multiplication over number fields of small degree. Our main tool is an algorithm whose input is a positive integer d. The output is a (necessarily finite) list of isomorphism classes of finite abelian groups G such that G is isomorphic to E(K) [tors] for some number field K of degree d and some elliptic curve E defined over K with complex multiplication.
Our algorithm requires a complete list of imaginary quadratic fields of class number h for all integers h which properly divide d. Fortunately, M. Watkins [Wat04] has enumerated all imaginary quadratic fields with class number h ≤ 100, which would in theory allow us to run our algorithm for all d ≤ 201 (and for infinitely many other values of d, for instance all prime values).
We implemented our algorithm using the MAGMA programming language and ran it on Unix servers in the University of Georgia Department of Mathematics. The result, after doing some additional analysis, is a complete list of torsion subgroups for degree d with 1 ≤ d ≤ 13. This list, for each degree d, is described in Section 4.d.
For d = 1 these computations were first done by L. Olson in 1974 [Ols74] , whereas for d = 2 and 3 they are a special case of work of H. Zimmer and his collaborators over a ten year period from the late 1980s to the late 1990s [MSZ89] , [FSWZ90] , [PWZ97] . We believe that our results are new for 4 ≤ d ≤ 13.
This work was begun during a VIGRE research group led by Pete L. Clark and Patrick Corn and attended by Brian Cook, Steve Lane, Alex Rice, James Stankewicz, Nathan Walters, Stephen Winburn and Ben Wyser at the University of Georgia. Alex Rice, James Stankewicz, Nathan Walters and Ben Wyser were partially supported by NSF VIGRE grant DMS-0738586 during this work. James Stankewicz was also partially supported by the Van Vleck fund at Wesleyan University. Special thanks go to Jon Carlson, who offered use of his MAGMA server and invaluable support with coding in MAGMA. Thanks to Bianca Viray for a helpful discussion of the proof of Lemma 2.3. Thanks also go to Andrew Sutherland, whose interest in this project demanded that this paper be polished into publishable form.
1.2.
Connections to prior work. According to the celebrated uniform boundedness theorem of L. Merel [Mer96] , for any fixed d ∈ Z >0 , the supremum of the size of all rational torsion subgroups of all elliptic curves defined over all number fields of degree d is finite.
In 1977, B. Mazur proved uniform boundedness for d = 1 (i.e., for elliptic curves E /Q ) [Maz77] . Moreover, Mazur gave a complete classification of the possible torsion subgroups:
E(Q)[tors] ∈
Z/mZ for m = 1, . . . , 10, 12, Z/2Z ⊕ Z/2mZ for m = 1, . . . , 4.
Work of Kamienny [Kam86] , [Kam92] and of Kenku and Momose [KM88] gives the following result when K is a quadratic number field:
for m = 1, . . . , 16, 18, Z/2Z ⊕ Z/2mZ for m = 1, . . . , 6, Z/3Z ⊕ Z/mZ for m = 3, 6, and Z/4Z ⊕ Z/4Z.
This and similar subsequent enumeration results over varying number fields are to be understood in the following sense. First, for any quadratic field K and any elliptic curve E /K , the torsion subgroup of E(K) is isomorphic to one of the groups listed. Second, for each of the groups G listed, there exists at least one quadratic field K and an elliptic curve E /K with E(K)[tors] ∼ = G. A complete classification of torsion subgroups of elliptic curves over cubic fields is not yet known.
Further results come from focusing on particular classes of elliptic curves. Notably H. Zimmer and his collaborators have done extensive computations on torsion in elliptic curves with j-invariant in the ring of algebraic integers. In [MSZ89] , Müller, Stroher and Zimmer proved that in the case of integral j-invariant, if K is a quadratic number field then
for m = 1, . . . , 8, 10, Z/2Z ⊕ Z/mZ for m = 2, 4, 6, and Z/3Z ⊕ Z/3Z.
In [PWZ97]
Pethö, Weis and Zimmer showed that if E has integral j-invariant and K is a cubic number field then
Z/mZ for m = 1, . . . , 10, 14, Z/2Z ⊕ Z/mZ for m = 2, 4, 6.
Here we study elliptic curves with complex multiplication. Such curves form a subclass of curves with integral j-invariant [Sil94, Theorem. II.6.4], so our results are subsumed by the above results for d ≤ 3; but, as we will see, the CM hypothesis allows us to extend our computations to higher values of d, up to d = 13.
2. Background 2.1. Kubert-Tate normal form. The fundamental result on which our algorithm rests is the following elementary theorem, which gives a parameterization of all elliptic curves with an N -torsion point for N ≥ 4. Theorem 2.1. (Kubert) Let E be an elliptic curve over a field K and P ∈ E(K) a point of order at least 4. Then E has an equation of the form
for some b, c ∈ K, and P = (0, 0).
Proof. This first appeared in [Ku76] . See for instance [MSZ89] , §3.
We will call the equation (1) the Kubert-Tate normal form of E, and our notation for a curve in Kubert-Tate normal form with parameters b, c as above will be simply E(b, c). The j-invariant of this elliptic curve is
Remark 1. This form is unique for a given curve with a fixed point of order at least 4. In practice we use this to find elliptic curves with some primitive N -torsion point, so an elliptic curve E may have many isomorphic Kubert-Tate normal forms, depending on which torsion point we choose to send to (0, 0).
Here are some small multiples of the point (0, 0) on E(b, c):
where A = b − c − c 2 . In particular we see that for N ≤ 3, (0, 0) cannot be an N -torsion point on E(b, c).
Modular curves.
The affine modular curve Y 1 (N ) for N ≥ 4 is a fine moduli space for pairs (E, P ) where E is an elliptic curve and P is a point of exact order N on E. We will search for CM-points on Y 1 (N ) for various values of N ≥ 4; that is, points over various number fields which correspond to CM elliptic curves with an N -torsion point(the Y 1 (N ) for 1 ≤ N ≤ 3 are coarse moduli spaces and so will only give us the information we desire over an algebraically closed field). Kubert curves give a down-to-earth way of constructing a defining equation for Y 1 (N ).
Definition 2.2. Let Q(b, c) be a rational function field, and let E /Q(b,c) denote the elliptic curve given by equation (1). If N ≥ 3 is an integer, let n 1 , d 1 , n 2 , d 2 ∈ Q[b, c] be such that (n i , d i ) = 1, d i is monic, and
.
Lemma 2.3. Let k be a field, let Y /k be an integral algebraic variety, let q : A → Y be a relative abelian variety, and let y be a closed point of Y . Then the specialization map s :
Proof. This result appears in [Lan91, p. 40]. Lang's (wonderful) text is rather informally written: many results, including this one, are given there without proof or reference. For the convenience of the reader we give a proof.
Step 1: Suppose Y is a nonsingular curve. Then A /Y is equal to the Néron model of its generic fiber, so the map s is a homomorphism by [BLR, Proposition I.2.8].
Step 2: Suppose Y is a singular curve. Let π :Ỹ → Y be its normalization, and let y be a closed point ofỸ with π(ỹ) = y. LetÃ = π * (q) →Ỹ be the pullback of the family toỸ . Then the fiber ofÃ overỹ is canonically identified with the fiber of A over y, and thus the specialization maps :Ã(K(Ỹ )) → Aỹ(k(ỹ)) is canonically identified with s. We have reduced to Step 1.
Step 3: In the general case we choose a chain of closed irreducible subvarieties . As for any points P, Q on a Weierstrass elliptic curve, P = ±Q if and only if x(P ) = x(Q), this establishes the claim. Now, since x([
Step 2: Suppose that f N (b 0 , c 0 ) = 0. Thus there must be at least one irreducible The resultant of these two polynomials with respect to c is
The roots of this Kubert resultant identify the intersection points of our two affine curves, as shown in Figure 3 . We should note here that the first irreducible factor has no real roots. Instead, the b-coordinates of the intersection points we see are four of the six real roots of the second factor. In any case, looking at the first irreducible factor over Q, we see that we can take b = ζ 3 . We plug in ζ 3 for b in the above polynomials and compute the greatest common divisor, which is c + 1. So the elliptic curve E(ζ 3 , −1) has a 7-torsion point over 
Q(ζ 3 ). That is, on the curve
the point (0, 0) is a 7-torsion point. 1 Moreover, this curve acquires full 7-torsion over the degree-12 cyclotomic field Q(ζ 21 ).
We generalize the above construction as follows: 
1 The reader who prefers standard Weierstrass models may verify that the origin corresponds to the 7-torsion point (12(1 − ζ 3 ), −108ζ 3 ) on the isomorphic elliptic curve y 2 = x 3 − (1296ζ 3 + 6480). If there are only finitely many pairs (j 0 , N ) that we have to check, then since the resultant of these equations with respect to c is a one-variable polynomial in b, there are only finitely many elliptic curves E(b, c) over a small-degree number field with j-invariant j 0 and with (0, 0) an N -torsion point. To determine if Z/N Z ⊕ Z/nZ with n | N is a torsion subgroup of an elliptic curve over a small-degree number field, we need only check the n-th division polynomial [Sil86, Exercise 3.7] to see if E(b, c) acquires an additional n-torsion point over a small-degree number field. There are finitely many n | N and for each such n, there are algorithms to compute the n-th division polynomial.
In this way, we see how a rough algorithm for enumerating torsion subgroups of CM elliptic curves presents itself. Fix a degree d, so that we aim to tabulate CM torsion subgroups over number fields of degree d. By Heilbronn's theorem, there are only finitely many j-invariants of elliptic curves with Complex Multiplication over all number fields of degree at most d. By Merel's bound, we have only finitely many possible torsion subgroups to check. Since there are only finitely many j 0 and N , the procedure described above terminates for each d.
We note here that Merel's bound is quite large and often impractical. We mention it only to note that the above procedure terminates for any finite number of jinvariants, CM or not. In the CM case, we have much better bounds to consider.
2.4. Possible torsion of CM elliptic curves. Let E be an elliptic curve over a number field F with CM. If E(F ) contains an N -torsion point, then the size of N is severely restricted by the degree of F ; the following theorems of Silverberg and Prasad-Yogananda can be used to give an explicit upper bound on N .
Theorem 2.7. (Silverberg, Prasad-Yogananda) Let E be an elliptic curve over a number field F of degree d, and suppose that E has CM by the order O in the imaginary quadratic field K. Let e be the exponent of the torsion subgroup of E(F ).
Proof. See [Sbg88] , [PY01] . It can be deduced from Silverberg's work that all above occurrences of w(O) may be replaced with w(O)/h(O).
We will refer henceforth to the bounds obtained from the above theorem and proof as the SPY bounds. If deg = 2 then we may assume that j = 0, 1728 because the possible groups in that case have already been determined [MSZ89] . Thus w(O) = 2, hence either E(F )[tors] is among the 12 possible torsion subgroups G such that ϕ(#G) ≤ 4 or F is the compositum of Q(j(E)) with K, otherwise known as the ring class field of O. In the latter case, we have the following. Much finer information is available in Parish's paper. Except for j = 0 and Z/3Z ⊕ Z/3Z, each torsion subgroup G which is possible over a ring class field has ϕ(#G)
In most cases though, ϕ(n) | deg. We can however determine exactly the intersection of Q(ζ n ) with Q(j(O)) and thus get closer to the ideal that ϕ(n) | deg.
Let H denote the ring class field of O and G the maximal abelian sub-extension of H over Q, which is necessarily multi-quadratic [Cox89, §6] . Hence G , the intersection of Q(j(O)) with G, must also be multiquadratic. Since any abelian extension must be contained in some Q(ζ m ) [Cox89, Theorem 8.8], the intersection of Q(ζ n ) with Q(j(O)) must be contained in G . This G may be numerically determined via discriminants, but it is not computationally difficult to simply list the discriminants of the quadratic subfields of Q(j(O)), which are all necessarily real. If ∆ is a discriminant of a real quadratic field K, then K ⊂ Q(ζ n These steps restrict the groups which could possibly occur as torsion subgroups of an elliptic curve with CM by O. We combine these steps into a function, which takes as input an imaginary quadratic order O, a degree d, and a list of integers N which could be the exponent of a torsion subgroup of an elliptic curve E over a number field F with CM by O. The output of this function is a list of finite abelian groups G such that E(F )[tors] ∼ = G for an elliptic curve E with CM by O. (
(2) If deg = 1 then remove Z/N Z ⊕ Z/nZ from L unless n = N = 2 or n = 1 and N ∈ {1, 2, 3, 4, 6}.
In Function 2.10, you will of course get the best results when the list L is made up of integers N which can be an order of a torsion point on an elliptic curve E
We also have another tool for ruling out possible orders of torsion.
Theorem 2.11. Let O be an imaginary quadratic order of discriminant D and let D 0 be the discriminant of the field •
• If 
Note however that this list is still far too large a list to use in Function 2.10. We apply a sieve to this list, using resultants as in Example 4, where we showed that 7-torsion occurred over a number field of degree 2 for j = 0. We note especially that the Kubert Degree Sequence for j = 0 and N = 7, or the sequence of degrees of irreducible factors of the resultant, is [2, 6]. On the other hand, the Degree Sequence for j = 0 and N = 14 is [6, 18]. Therefore we may eliminate 14, 28, and 42 from our list of possible torsion exponents because 14-torsion is not possible for j = 0 over a number field of degree not divisible by 6. Computing this Degree Sequence takes 0.03 seconds. If we recursively perform this sieve, it takes 0.24 seconds to find that the torsion exponents which occur for j = 0 over a number field of degree 2 are This may seem like a relatively short amount of time to be worried about, but for j = 0 and a number field of degree 6 it takes 69.95 seconds to find [2, 3, 4, 6, 7, 9, 14, 19] as the list of torsion exponents. For degree 12 it takes over an hour. We describe this process, along with the adjustment we have to make for O with larger class numbers in the following function. We structure our computation this way to minimize the number of times that we need to compute multivariate resultants. While straightforward and much quicker than computing torsion subgroups of elliptic curves, the computation of multivariate resultants is NP-Hard [GKP10] . The memory demands for computing resultants over large degree number fields can also be quite substantial. All told, the longest computation of torsion subgroups occurred in degree 12. Computing the lists of possible torsion subgroups of CM elliptic curves over a number field of degree 12 for each possible quadratic order O using the above procedure took over 10 hours.
Ruling out Torsion Subgroups of Elliptic Curves
Suppose we are given a finite group G ∼ = Z/N Z ⊕ Z/nZ and we want to test whether it could be a torsion subgroup of an elliptic curve E over a number field However, any elliptic curve over a number field F with CM by Z[ζ 4 ] has a rational 2-torsion point for trivial reasons 2 . Therefore if we search for Z/5Z as a torsion subgroup over a degree 2 field, we find Z/10Z as the torsion subgroup of E(ζ 4 , ζ 4 ).
It of course may also happen that G E(F ) [tors] and that they have the same exponent. The more typical situation is that E (F ) [tors] ⊂ G. In that case, we have to check to see if there is an extension field L of
To rule this out, there are many options. Of course, we may compute all elliptic curves with CM by O and with an N -torsion point using the Kubert resultant method of Example 4, base extend each of these elliptic curves by roots of their n-th division polynomials and then compute the torsion subgroups of all those elliptic curves. For running time reasons, it is preferable to rule this out before ever computing an elliptic curve or especially a torsion subgroup. Although there 2 For instance, put your elliptic curve in short Weierstrass form.
are many ways to compute a torsion subgroup of an elliptic curve over a number field, almost all of them involve reducing an elliptic curve modulo various primes in order to take advantage of Schoof's algorithm [Sch95] . Unfortunately, irreducible factors of Kubert resultants often have non-integral coefficients, making this process slow and un-supported in some computer algebra systems. Even for computer algebra systems like magma v2-18.3 with robust support for elliptic curves over number fields given by non-integral polynomials, it can be very time-and memoryconsuming to compute torsion subgroups over large degree number fields.
A crucial step is thus a variant of
Step (5) of Function 2.10.
Numerically we have done almost everything to numerically rule out the possibility that there is some field L of degree dividing d which contains both F and Q(ζ n ). Now that we have computed F explicitly via the Kubert resultant, we can compute the compositum of F with Q(ζ n ) and its degree over Q. If this degree does not divide d, then we can not base extend F to L and obtain E(L)[tors] ∼ = G. Moreover, we have ruled G out without computing any torsion on E.
Since h(O) = 2, the Kubert Degree Sequence for O and N = 9 is [6, 12, 54]. An elliptic curve with CM by O over the number field defined by the first irreducible factor or a degree two extension thereof cannot have torsion subgroup G by a quick standard computation. Just computing the torsion subgroup over the number field F given by the second irreducible factor ran for several days before quitting due to a lack of memory. While we could not rule out G as a torsion subgroup without computing with F , we found that the compositum of F with Q(ζ 9 ) has degree 36 over Q and therefore G is not a torsion subgroup of an elliptic curve with CM by O over a number field of degree 12.
We now describe the procedure for saying that a group G which could have been produced by Functions 2.12 and 2.10 in fact cannot appear as the torsion subgroup of an elliptic curve E with CM by O over a number field L of degree dividing d. We describe this procedure as a function which either returns True if G can be ruled out or False if G can occur, along with an elliptic curve E over a number field L of degree dividing d. p j .
then let L i,j be the number field given by p j , gener-
, the polynomial whose roots in Q are the y-coordinates of the points on E(b i , c i ) with x-coordinate a j . Let n g be the number of irreducible factors over L i,j of g and let e j = Degree(p j ) 2 n g .
then let M i,j be the field given by the polynomial g. Let T i,j be the torsion subgroup of the base change of
(10) If for all possible i and j there is some "If . . ."' statement which begins one of Steps (2)-(9) besides Step 3 which is false, then Return True.
We note that in Step 3.1(3), it is possible that c i ∈ F i and thus we must have an error-raising statement. However, as one may intuit from Figure 3 , the probability that two intersection points in the (b, c)-plane have the same b value is zero by the properties of the Zariski topology. We now give an algorithm which produces all torsion subgroups of elliptic curves with CM over a number field of degree d. 
(2) Let P be the union of all the sets A(O) and let R be P −L, the set of groups in P which are not isomorphic to any element of L. (3) Iterate over G ∈ R.
• Examples of these are :
4.2. K is a number field of degree 2.
Z/mZ for m = 1, 2, 3, 4, 6, 7, 10, Z/2Z ⊕ Z/mZ for m = 2, 4, 6, and
The only subgroups which do not occur over Q are:
Examples of these are:
K is a number field of degree 3.
E(K)[tors]
∈ Z/mZ for m = 1, 2, 3, 4, 6, 9, 14, and
Examples of these are: The only subgroups which do not occur over Q or a number field of degree 2 are:
4.5. K is a number field of degree 5.
The only subgroup which does not occur over Q is Z/11Z, which occurs over the maximal real subfield of Q(ζ 11 ). This occurs for j = −32768 in E(b, c) with the following quantities. Hereon, unless otherwise stated, elliptic curves will be given by the values of b and c.
3 Although j(Z[2i]) = 287496 and j(Z[i]) = 1728 and so it would be reasonable to expect two curves over number fields of the same degree with those j-invariants and respective torsion subgroups Z/2Z ⊕ Z/8Z and Z/8Z to be isogenous, this is not the case. Indeed the two fields are not isomorphic.
Field Extension
(e 5 − e 4 − 4e 3 + 3e 2 + 3e − 1) −7e 4 − 2e 3 + 16e 2 − e − 1 2e 3 − 4e + 1 4.6. K is a number field of degree 6.
Z/mZ for m = 1, 2, 3, 4, 6, 7, 9, 10, 14, 18, 19, 26, Z/2Z ⊕ Z/mZ for m = 2, 4, 6, 14, Z/3Z ⊕ Z/mZ for m = 3, 6, 9, and Z/6Z ⊕ Z/6Z.
The only subgroups which do not occur over Q or a number field of degree 2 or 3 are:
Examples of these are: No subgroups occur in degree 7 which do not occur over Q. We give examples of these and hereon, unless otherwise stated, their fields of definition will be given only by the defining polynomial over Q.
Group Z/15Z j, F ield 0, e 8 − 3e 7 − 2e 6 + 9e 5 − 6e 3 − 2e 2 − 3e + 1 = 0 No subgroups occur in degree 11 which do not occur over Q.
4.12.
K is a number field of degree 12. These are: Group Z/28Z j 54000
F ield e 12 − 4e 11 + 8e 10 − 6e 9 − 7e 8 + 20e
